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We study the mechanical behavior of two-dimensional cellular tissues by formulating the continuum
limit of discrete vertex models based on an energy that penalizes departures from a target area A, and a

target perimeter P, for the component cells of the tissue. As the dimensionless target shape index sy =
(Py/+/Ap) is varied, we find a transition from a soft elastic regime for a compatible target perimeter and
area to a stiffer nonlinear elastic regime frustrated by geometric incompatibility. We show that the ground

state in the soft regime has a family of degenerate solutions associated with zero modes for the target area

and perimeter. The onset of geometric incompatibility at a critical s§ lifts this degeneracy. The resultant
energy gap leads to a nonlinear elastic response distinct from that obtained in classical elasticity models.
We draw an analogy between cellular tissues and anelastic deformations in solids.
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Living tissues are far-from-equilibrium materials capable
of spontaneously undergoing large-scale remodeling and
adapting their mechanical behavior in response to internal
and external cues. The experimental observation of glassy
dynamics in epithelia [1-3] has motivated interest in quan-
tifying the relation between rheological and structural
properties of tissue. The aim is to provide a framework
for organizing biological data by describing tissue as a
material, with mechanical behavior tuned by effective
parameters that provide a coarse-grained description of both
intra- and intercellular interactions. Significant progress has
been made using a class of models that describe a confluent
cell monolayer, in which there are no gaps or overlaps
between cells, as a tiling of space. Each cell is a polygon
[vertex models (VMs)] [4—8] or a Voronoi area (Voronoi
models) [9,10], with the polygons’ vertices or the Voronoi
centers taken as the degrees of freedom. For uniform cell
edge tensions, both models are based on a tissue energy that
penalizes deviations of the cell area A and perimeter P from
prescribed target values A and P,. Numerical solutions of
vertex and Voronoi models with disordered polygonal
configurations reveal rich behavior. Most interesting is the
prediction of a rigidity transition tuned by cellular shape, as
quantified by the dimensionless target cell shape index
so = Py/~/Ag, which is in turn controlled by cell-cell
adhesion and cortex contractility [9-13]. Vertex and
Voronoi models have also been used successfully to quantify
the relation between cellular shape and rearrangements and
tissue mechanics in the developing Drosophila embryo [5,6].

A powerful tool for describing the mechanical properties
of matter is continuum elasticity. While continuum
models of epithelia have been developed and used to
describe biological processes, such as wound healing
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and morphogenesis [14-16], the development of a con-
tinuum theory that incorporates the rich behavior of the
tissue energy used in discrete vertex and Voronoi models
remains an open challenge [17]. Here, we tackle this
challenge by considering a regular polygonal tiling and
develop a geometric formulation of VM elasticity similar to
that used to describe disordered solids or materials that
exhibit nonuniform differential growth, such as plant leaves
[18-22]. Our model is a coarse-grained version of a vertex
model, albeit with uniform cell edge tensions, because it
allows for shape changes through variations in the position
of the vertices of the polygons. At a critical sy (s§),
corresponding to the isoperimetric quotient [23], we find
a transition between a soft and a stiff solid. In the soft solid
(so > s(), the target area and perimeter of individual cells
are simultaneously satisfiable (compatible), whereas in the
stiff solid (sg < s() they are not (incompatible). This
geometric frustration is associated with a sharp rise
in the effective stiffness of the tissue and the onset of
residual stresses. The critical value of the target shape

index depends on the geometry of the unit cell, with s =

V/8v/3 ~3.722 for hexagons. For 59 <s; no hexagonal
polygon exists, supporting a geometric origin for the
transition. Earlier work has shown that the hexagonal
ground state of the VMs is linearly unstable for s, > s,
where it is replaced by a soft network of irregular polygons
[8]. Here, we show that the ground state of this soft solid is
a family of degenerate area-preserving and perimeter-
preserving states with a band of zero modes. The onset
of geometric incompatibility below s{ lifts this degeneracy
and results in an energy gap, leading to a finite residual
stress or prestress, as commonly seen in living tissues [24].
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Although our starting point is a continuum elasticity
seemingly quadratic in the strain, which would suggest a
linear response at all values of imposed deformations, the
force extension curves are nonlinear due to the degeneracy
of the target configurations. The incompatible tissue shows
strain stiffening, which is observed ubiquitously in living
cells [25,26].

The solid-solid (SS) stiffening transition obtained here
for regular polygonal tilings is distinct from the solid-liquid
(SL) rigidity transition predicted earlier for disordered
tilings [11,12]. The latter is driven by the vanishing of
the energy barriers for 7’1 transformations, which are
forbidden in our model. Our work suggests that the SL
rigidity transition may be facilitated by a SS transition,
where the effective Young’s modulus of the soft solid phase
becomes very small, thus easing 7’1 transformations. This
is supported by the recent suggestion that the SL rigidity
transition in a disordered Voronoi model of 3D cellular
agglomerates may also be associated with underlying
geometric incompatibility [27]. The geometric formulation
of elasticity used here highlights the underlying geometric
nature of SS and SL transitions in vertex and Voronoi
models and allows for the analytical calculation of stress-
strain curves for regular lattices. The formalism can also be
extended to incorporate disordered structures. Finally, our
model is appropriate for rigid, solidlike tissue with tight
adherent junctions between the cells and does not incor-
porate the “giant number fluctuations” observed in the fluid
regime of epithelial tissue [28-30] or cell division. The
latter is likely to fluidify the tissue at long times [13] and
could be included in our continuum model through a target
area metric that grows in time. The study of these effects is
left for future work.

In VMs, cells are modeled as polygons that can inde-
pendently adjust their area A; and perimeter P; according to
the energy [4.5,7,8]

Er = %Z[KA (6Ai/A¢)*Ag + Kkp(6P;/Py)*Po], (1)
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with 64; = A; — Ay and 6P; = P; — P,,. The stiffnesses x4
and kp have dimensions of energy per unit area and
perimeter, respectively. The first term in Eq. (1) arises
from bulk elasticity as well as the ability of cells to adjust
their area by changing their height. The second term
describes the interplay of cortical tension and cell-cell
adhesion. It has been shown numerically that the disordered
vertex model exhibits a solid-liquid transition at s; = 3.81
[11,12,31], where the energy barrier for bond-flipping 7'1
transitions that remodel the local cell neighborhood van-
ishes. This prediction for the disordered case has been
validated in bronchial cells [32]. A generalization that
includes cell motility has yielded a surface of solid-liquid
transitions tuned by cell speed and the persistence time
of single-cell dynamics [9]. Here, we do not include 7'1

transitions, or any other topological excitations such as cell
divisions. We show that even this simple limit exhibits
unusual elastic behavior.

Geometric formulation of tissue energy.—In the geo-
metric approach to linear elasticity, a thin planar sheet is
described as a surface equipped with a metric, a 2 x 2
symmetric tensor that locally specifies the distance between
points on the surface [33-35]. Simple elastic solids are
characterized by a global reference configuration, or target
metric g, that is stress-free in the absence of external
constraints or loads [36]. The strain tensor for a deformed
state with actual metric g is defined as u =1 (g — g). The
elastic energy of an isotropic Hookean solid spanning a
region € is then given by

1
EHS = 5/ A“/"V‘gua/;uy,;ng, (2)
Q

where A0 = Jg%gr% 4 1i(g™ gl + g*glr) is the elastic
tensor, 4 and p are Lamé constants, and dS; = /det gd’x.
While the geometric formulation of elasticity may appear to
be unnecessarily formal, it is useful when describing
materials laden with defects and solids with nonuniform
differential growth that do not possess stress-free target
configurations [37]. In such cases the material is pre-
stressed, meaning that there is a residual stress even
without an external load. As a result there is no global
stress-free target or reference configuration, and displace-
ment fields are consequently ill defined. The definition of
strain as a deviation of the actual metric from a target one is,
however, still valid and reflects the existence of local stress-
free configurations [35]. This formulation naturally cap-
tures the so-called incompatible elasticity of such materials
[19,22,38,39].

Our goal is to obtain a coarse-grained form of the tissue
energy of Eq. (1), and to express it in terms of a local measure
of strain. Since area and perimeter can be tuned independ-
ently, different target metric tensors g, and gp are needed to
characterize A, and P: this requires two measures of strain.
A single metric tensor g, however, characterizes the
deformed state. Defining u* =1 (g — g, p), the simplest
energy functional quadratic in strains is £ = Ep + E,4, with

1
Eyp= LEAA,PaﬂyéuébPufépngA-P’ (3)
where
AP = A gVE + (BT R +EvE). (@)

with x € {A, P}. A derivation of Eq. (3) from the discrete
equation (1) is carried out in the Supplemental Material
(SM) [40] following the procedure used in Ref. [41] for
flexible membranes. It confirms Eq. (3) with Ap = pup =
3kpPy/8 and A, = 2u, = k4Ao/3. In the remainder of this
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Letter, we consider for simplicity a spatially uniform system.
An example of a calculation for a tissue with a nonuniform
shape parameter is shown in a Mathematica notebook
attached as SM [40].

Ground states.—Now comes an important subtlety—
a given target area or perimeter can be realized by a family
of target metrics, rather than just a single one. For a lattice
of quadrilaterals, for instance, two families of metrics
Gy ={8u(ea)} and Gp = {gp(ep)} corresponding to a
given target area and perimeter are, respectively,

€7 O:| _ |:(C(P+€P)2 0
0 €Z1 ’ F 0 (ap—ep)2 '

8r=a, [ (5)

with P, :2(@4— @) =4ap and Ay = /det g, = ay,
both in units of the lattice constant. This is illustrated in
Fig. 1 for a tissue of quadrilateral cells with x4 = 0.
Figures 1(a) and 1(b) display two “undeformed” configu-
rations with P = P that can be exchanged, with no work,
by applying a uniaxial strain in the x direction. This is
commonly called a zero mode. Figures 1(c) and 1(d) show
deformed configurations with P # Py. It is evident that
Fig. 1(c) deviates only slightly from Fig. 1(a) but is highly
deformed compared to Fig. 1(b). Similarly, Fig. 1(d) is
close to Fig. 1(b) but highly deformed compared to
Fig. 1(a). In terms of strains, the elastic energy correspond-
ing to small deviations of each configuration from the target
one should then be calculated by comparing Fig. 1(c) to
Fig. 1(a), and Fig. 1(d) to Fig. 1(b). The elastic energy of
a configuration of a tissue, characterized by an actual metric
g, is then given by

Er(g) = min min [Ep(g, 8p) + Ea(g.84)]. (6)
8.€G, 8pEGy

In other words, we obtain the energy of a given configu-
ration g by finding the target metric that minimizes the

(@e&a=Le=0 (o)

FIG. 1. Strain measurement with respect to a family of
reference configurations in a tissue that penalizes only perimeter
discrepancies. (a) and (b) are two configurations with the same
perimeter P; (c) and (d) are two deformed states. Strain should
be measured by comparing each deformed configuration to the
closest reference configuration; thus, (c) should be compared to
(a), and (d) compared to (b).

shape energy given in Eq. (3). In practice, we do this by
minimizing the explicit expressions given in Eq. (5) with
respect to €4 and ep. This leads to algebraic equations,
rather than the Euler-Lagrange differential equations aris-
ing from direct minimization with respect to g. It is
important to note that since external loads change the
preferred target metrics, the Lamé coefficients in Eq. (4) do
not alone determine the elastic response of the tissue.

There are two classes of solutions. The first class
corresponds to configurations for which both the area
and the perimeter can obtain their target values. In this
case the ground state energy vanishes and the tissue
behaves like an anomalously soft material. The second
class of solutions corresponds to the case where there are no
configurations that simultaneously satisfy the target area
and perimeter, which are then said to be incompatible. The
energy of the ground state in this case is finite. The tissue
has a finite prestress and is “stiff” in its response to external
loads. The transition between these two classes of solutions
corresponds to the stiffening of tissue. It is controlled by a
purely geometric incompatibility and is independent of the
specific form of the energy functional or the specific
measure of strain.

To demonstrate this, we now specialize to a lattice of
hexagonal cells, as shown in the inset of Fig. 2(a). The
calculation is easily extended to other lattices of regular
polygons (see the SM [40]). To find the ground state, the
symmetry of the problem allows us to neglect the off-
diagonal elements of gp, g, associated with shear zero
modes. The parametrization of the target metrics for the
area does not depend on polygonal shape: it is given by
Eq. (5). For a hexagon whose base is oriented along the
x direction, the metric gp is (see the SM [40])

ey -7 )
€,) = .
A I
0.04f (a)
Q; 0.03 174 s
X 0.02 =
a H
0.01
0.00 0.005
0.0 0.5 1.0 1.5 0.125 0.25 0.5
A A
FIG.2. (a) Dimensionless energy E(A) versus strain on a linear

scale for sy = 3.874 (compatible, green), s, = 3.722 (at thresh-
old, red), and sy = 3.577 (incompatible, blue). (Inset) Two tissue
configurations of equal minimal energy for sy = 3.874. The
incompatible tissue has an energy gap at zero strain, correspond-
ing to the residual stresses associated with the onset of strain
stiffening. This is shown in (b), which displays the magnitude of
the force F = OE/OA as a function of strain A on a log-log scale
for { =1 and sy = 3.577. The dashed line has the slope 1.

268105-3



PHYSICAL REVIEW LETTERS 120, 268105 (2018)

The unknowns characterizing the ground state are the two
components g;; and g,, of the actual metric and the
minimizers €4 and ep of the target metrics. For hexagonal
cells we find that area and perimeter are compatible for

so > 85 = V 8v/3 ~3.722 and that the ground state energy
vanishes. For so < s0 there are no compatible solutions and
the ground state energy is finite, indicating that the lattice is
prestressed. Note that s is simply the isoperimetric value
of a regular hexagon. The nature of the solution depends
only on the target shape index s [9], but not on x, and xp.
The ground state metric, denoted g*, as well as the
prestress, depend on the model parameters. The solutions
are always compatible if either x4 or xp vanish. We
emphasize that while prestress is commonly associated
with incompatibility between adjacent material elements,
here it reflects incompatibility at the level of a single tissue
element.

Solid-solid transition.—We now consider the mechanical
response of tissue to an externally applied uniaxial defor-
mation along the x direction, with the y direction left
free. The strain is defined as u=1(g—g"). We let
g11 = ¢gj; + A, and determine g, (A) by minimizing the
energy for a fixed A (this includes minimizing with respect
to €4 and ep). We then evaluate the energy of this
configuration to obtain E;(A), shown in Fig. 2(a). Here
and below, energies are measured in units of xpPg, and g
is rescaled by ay,, corresponding to lengths measured in
units of \/A;. The model is then fully characterized by
two dimensionless parameters: s, and the ratio { =
(k4Ag/kpPy) (see SM [40]). The deformation energy of
the compatible tissue, displayed in Fig. 2(a) (green curve),
is a nonmonotonic function of A, with two degenerate
minima. This can be understood by noting that, for these
parameters, the minimization described in Eq. (6) yields the
two degenerate target configurations shown in the inset of
Fig. 2(a) (labeled V and H). These can be transformed into
each other via a uniaxial strain. The energy E(A) shown in
Fig. 2(a) is calculated by measuring the deformation of the
lattice relative to the V configuration. When A = 0, the
system is in the V ground state and has zero energy. As A is
increased, the lattice deforms relative to the V configuration
and the energy increases, eventually reaching a new zero
when the deformed configuration becomes identical to the
H ground state. The energy of the incompatible tissue
[Fig. 2(a), blue curve] is also quadratic at very small A but
has an energy gap at A = 0. The red curve corresponds to
the critical state at sy = s; = 3.722. In Fig. 2(b) we show
that both compatible and incompatible tissues respond
linearly at small strain, albeit with different stiffnesses.

Tissue stiffness may be quantified by defining an
effective Young’s modulus Y that measures the response
to stretching by fitting the energy just beyond the minimum
to a quadratic form (see the SM [40]). In compatible tissue,
Y is very small for small strain, but it becomes appreciable
once the tissue has settled in the minimum at finite A.

0.6
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FIG. 3. (a) Effective Young’s modulus, as defined by the
response to stretching, versus target shape index s, for
¢ =0.125, 0.25, 0.5, 1, 2, 4, 8 of a uniform tissue of hexagonal
cells. A transition occurs at the critical value s§ = 83
(vertical dashed line), below which the perimeter and area are
incompatible. (b) Energy as a function of strain A, for various
values of fixed transverse strain A, = 0.15, 0.6, 0.75, 0.9, 1.05,
1.35, for an incompatible tissue with sy = 3.438 and { = 1.

The effective Young’s modulus is then calculated by a
quadratic fit in the region beyond this second minimum.
The effective Young’s modulus shown in Fig. 3(a) shows
the onset of stiffening at s, = s§.

The essential minimization in Eq. (6) renders our model
tissue nonlinear at large A. This nonlinearity is further
highlighted by noting that straining the system along a
specific direction affects the mechanical response both
along that direction and in the transverse direction. This is
shown in Fig. 3(b), where we plot the elastic energy as
a function of a strain A, along the x direction for various
fixed strains A, along the y direction. The corresponding
effective moduli and their dependence on A, as well as
similar figures for compatible and critically compatible
tissue, are shown in the SM [40].

The connection between geometric incompatibility in
cellular tissues and the emergence of stiffness is made even
clearer by rewriting Egs. (3) and (6) in terms of a single
effective target metric °. Completing the square gives

eff - mlIl
G,.Gp2

5 [ Al [l + B (9
The full expression for g° in terms of g” and g4 is given in
the SM [40]. The residual energy E,(g° g", g*) is
independent of the actual configuration g and depends
only on the families of target metrics and elastic moduli.
In the absence of external loads, the actual metric that
minimizes the energy is g* = g,, and the optimal target
metrics g3, gp, are found by minimizing the residual
energy. If the area and perimeter are compatible,
E... = 0, and the equilibrium target metrics are degenerate.
For an incompatible area and perimeter, deformations from
the equilibrium target metrics are no longer zero modes, as
shown by expanding E. in the vicinity of the minimizers
g’ and gp. In this case variations of the reference metrics
within the families G4, Gp cost a finite energy, resulting in
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a gapped ground state. Stiffness emerges purely as a result
of this geometric frustration, as suggested by previous
numerical analysis of VMs [27].

Discussion.—Using the geometric formulation of
elasticity, we have proposed a continuum energy for a
two-dimensional tissue that incorporates the physics of
well-established cellular tissue vertex models, excluding
T1 transformations, and accounts for zero modes associ-
ated with area- and perimeter-preserving deformations. We
have shown that this energy yields two classes of ground
states tuned by the target cell shape index s,. For sy > s§
the tissue is soft, with zero modes associated with a family
of degenerate target metrics. For sy, < sf one obtains a
stiffer nonlinear solid with residual stress at zero external
deformation as a result of geometric incompatibility. An
onset of stiffness accompanied by the appearance of a
residual stress was also recently demonstrated numerically
in a disordered Voronoi model in 3D [27]. Our model is
purely elastic and considers a regular lattice. The increase
in stiffness is distinct from the SL transition previously
reported in the literature for disordered tilings and asso-
ciated with the onset of finite energy barriers for 71
transitions. The softening of the hexagonal lattice at s, =
3.722 can effectively lower the energy barriers for 7’1
transformations. If these are allowed, the tissue may then
melt. We expect this melting to occur at sy = 3.722 for
a regular hexagonal lattice.

The finite energy cost of local deformations of the target
geometry resulting from incompatibility is directly linked
to the extensive literature on the plasticity of solids
(Refs. [42,43] and references therein). In that setting,
changes in the target geometry are interpreted as plastic
deformations [44]. Fixed isotropic inclusions in amorphous
solids, for example, are known to strengthen the material by
increasing the yield strain required for the formation of
system-spanning shear bands [22]. The analogy between
variations of the reference geometry and anelastic defor-
mations in amorphous solids suggests that introducing
isotropic sources of stresses, such as inhomogeneities in
the target area, may strengthen cellular tissue. This could be
tested numerically.

Finally, the formalism presented here is general and
can be extended to spatially inhomogeneous target metrics
to describe disordered cellular structures, or even time-
varying metrics to allow for local growth. An open question
is whether the energy gap obtained here for ordered lattices
will persist in disordered tilings. While a direct extension of
our model to disordered tissue is challenging, exact and
approximate analytical solutions for certain realistic prob-
lems of spatially varying shape-parameter and nonhomog-
enous deformations are tractable, and they will be presented
in a future publication.
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