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We present an analytical framework to describe the complex nonlinear response of two-dimensional
porous mechanical metamaterials. We adopt a geometric approach to elasticity in which pores are
represented by elastic charges, and show that this method captures with high level of accuracy both
the shape deformation of individual pores as well as collective deformation patterns resulting from
interactions between neighboring pores. Specifically, we show that quadrupoles and hexadecapoles
- the two lowest order multipoles available in elasticity - are capable of matching the experimentally
observed evolution in shape and relative orientation of the holes in a variety of periodic porous
mechanical metamaterials. Our work demonstrates the ability of elastic charges to capture the
physics of highly deformable porous solids and paves the way to the development of new theoretical
frameworks for the description and rational design of porous mechanical metamaterials.

Mechanical metamaterials attempt to achieve proper-
ties that do not occur in natural systems through ag-
gregates of building blocks that deform cooperatively in
response to mechanical forces. While the initial efforts
in the field have focused on mechanical properties in the
linear regime [1, 2], more recently nonlinearities and in-
stability have emerged as promising tools to achieve new
functionalities [3]. In particular, it has been shown that
the dramatic changes in pattern induced by the applied
deformation in elastic blocks perforated with periodic ar-
rays of holes provide a good platform for the design of
mechanical metamaterials with switchable [4–9] and pro-
grammable [10] response. A prominent example is that of
a square array of circular holes in an elastic matrix [11–
13]. In such system buckling triggers the formation of
a pattern of mutually orthogonal elongated pores, which
has been exploited to design materials with negative Pois-
son’s ratio [4] and tunable acoustic properties [6, 14, 15].
However, the rational design of such porous structures
remains an issue, since the prediction of their non-linear
response is highly non-trivial.

In an attempt to capture with high fidelity both the
macroscopic response and the local changes in geome-
try induced by the applied load in highly deformable
porous metamaterials, non-linear Finite Element simu-
lations have been successfully used [11, 12]. However,
these analyses are computationally expensive and their
cost become prohibitive as the size of the systems in-
crease. To overcome this issue, a simple model based on
the interaction of dislocation dipoles has been proposed
[13, 16]. While such model correctly captures the ori-
entational order of the pattern forming upon loading, it
does not predict the deformed shape of the pores and the
transition in the response induced by the instability.

In this Letter, we adopt a geometrical formulation of

elasticity [17, 18] and propose a new analytical tool based
on the formalism of elastic charges to describe the behav-
ior of highly deformable porous mechanical metamateri-
als. Elastic charges are singular sources of stress that
have been shown to be capable of describing a variety of
phenomena, including defects [19], plastic events [20] and
mechanical interactions between contractile cells [21],
and of capturing geometric non linearities [22]. Here,
we demonstrate that they are also a promising tool to
describe the mechanics of porous mechanical metamate-
rials, since they capture with high accuracy the exper-
imentally observed deformation and relative orientation
of the holes for a variety of pore shapes and arrange-
ments. As such, we believe that this formalism opens
avenues for the development of new analytical tools that
can facilitate the design of systems capable of achieving
a targeted response.

Our approach is inspired by the well known method
of image charges in electrostatics [23]. According to this
method, conductive shells can be replaced by some charge
distribution - called image charges - that preserves the
appropriate boundary conditions and also obeys Pois-
son’s equation. For example, the electric field around
a spherical conductive shell subjected to a remote uni-
form external field can be found by replacing the sphere
with a single dipole located at its center. Analogously,
instead of solving the full elastic boundary value prob-
lem, we show that the mechanics of highly deformable
porous solids can be captured by placing an image elas-
tic charge KIm inside each hole. Explicitly, such image
charges act as sources for the stress function ψ, which in
the linear approximation satisfies

1

Y
∆∆ψ = KIm, (1)

where Y is the Young’s modulus of the bulk material and
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∆ is the Laplace operator in the reference Lagrangian
frame. The stress σ and strain ε can then be derived as

σαβ = EαµEβν∇µνψ,
εαβ = Aαβγδσγδ,

(2)

where A is the elastic tensor, E is the anti-symmetric
tensor and we have adopted the Einstein summation
convention with indices running through {1, 2}. Since
monopoles and dipoles charges are topologically prohib-
ited [24], the image charge induced by an external field is
at least of quadrupolar order. It follows that the leading
terms of the image charges that are compatible with the
symmetry of uniaxial loading are

KIm =Qαβ∇αβδ (x) +Hαβγδ∇αβγδδ (x) + . . . (3)

where x is the position in Lagrangian frame and δ (x) is
the Dirac delta function. The quadrupole Q has three
degrees of freedom and can be written as

Q = p

(
1 0
0 1

)
+ q

(
cos 2θq sin 2θq
sin 2θq − cos 2θq

)
(4)

where p is an isotropic charge, q is the magnitude of the
pure quadrupole and θq is its orientation. Differently, the
hexadecapole H has four degrees of freedom, but here, at
the lowest level of approximation, we only consider the
two with the same symmetry of the quadrupole, so that
the only non-zero components are

H1111 = H2211 = −H1122 = −H2222 = h cos 2θh,

H1112 = H1121 = H2212 = H2221 = h sin 2θh,
(5)

with h and θh denoting the magnitude of the charge and
its orientation, respectively.

Next, we derive the displacement field induced by the
image charge associated to an isolated hole. To this end,
we start by noting that for a singular charge KIm = δ (x)
the stress function is ψFS (x) = (Y/8π) |x|2 (ln |x| − 1) .
It follows that ψ for KIm as defined in Eq. (3) can be
calculated by simply superimposing derivatives of ψFS ,
yielding

ψ(x) =
Y

8π

(
p ln |x|+ 2 x̂αQ̃

αβx̂β − 8
x̂αx̂βH

αβγδx̂γ x̂δ
|x|2

)
,

(6)
where Q̃ is a pure quadrupole with no isotropic part,
and x̂ = x/|x|. By substituting Eq. (6) in Eqs. (2) and
integrating for the displacement field we find

ur = −p (1 + ν)

2πr
+

q

πr
cos θ̃q −

2h (1 + ν)

πr3
cos θ̃h,

uθ =
q(ν − 1)

2πr
sin θ̃q −

2h(1 + ν)

πr3
sin θ̃h,

(7)

where θ̃α = 2θ − 2θα (with α = h, q), (r, θ) are polar co-
ordinates in the Lagrangian frame, and ν is the Poisson’s
ratio of the bulk material.

FIG. 1. Deformation of an isolated circular hole induced by
elastic charges characterized by various combinations of p, q,
h, θq and θp: (a) q > 0, p = h = 0 and θq = π/4, (b)
h > 0, p = q = 0 and θh = π/4, (c) h > 0, q > 0, p = 0
and θq = θh = π/4, and (d) h > 0, q > 0, p = 0, θq & π/4
and θh . π/4. In all configurations the blue dashed line in-
dicate the undeformed hole. (e) The interaction between two

quadrupoles is minimized for θ
(1)
q + θ

(2)
q = π/2. (f) Energy

minimizing configuration for a square array of quadrupoles
(purple lines) and hexadecapoles (green lines) (g) Energy min-
imizing configuration for a triangular array of quadrupoles
(purple lines) and hexadecapoles (green lines).

In Fig. 1(a)-(d) we show the calculated displacement
field induced on an isolated circular hole by various com-
binations of p, q, h, θq and θh. The similarity between
these shapes and the shapes of deformed holes typically
seen in highly deformable porous metamaterials [8, 12]
is remarkable and suggests us the capability of elastic
charges to describe the mechanics of such systems.

From a theoretical perspective, to obtain the response
for a metamaterial comprising an array of holes, one can
use the solution for a single hole given by Eq. (6), cal-
culate the non linear corrections according to [22], and
compute the non linear energy of the system in terms
of the interacting elastic charges located at each hole.
While minimization of such energy with respect to the
charges is expected to capture the response of the meta-
material before and after the instability, this procedure
is very challenging. Here, we take an alternative path
and perform two different tests to validate the capability
of elastic charges to describe the behavior of porous me-
chanical metamaterials. First, we test the ability of Eq.
(7), which was calculated for an isolated hole, to describe
the boundary deformation of many holes embedded in a
structure. Second, we verify whether the orientation of
neighboring holes is consistent with the interactions be-
tween the corresponding charges.

At this point, it is important to point out that our
approach (based on interactions between charges in the
linear approximation to describe the observed deformed
patterns in metamaterials) can be explained in the spirit
of Landau theory of phase transitions, where nonlinear
interactions are encoded in renormalized coupling con-
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stants. In fact, the linear elastic energy written in terms
of elastic charges accounts for two contributions: inter-
actions between charges and interaction of charges with
the external loads. While in the initial linear elastic
regime (i.e. before buckling) this energy has a single
minimizer with all quadrupoles aligned with the external
load, to capture the instability and the subsequent pat-
tern transformation an effective linear description can be
taken with renormalized coupling constants, which are
functions of the external loads and reflect higher order
nonlinear interactions. Within this interpretation, the
experimentally observed instability implies for a transi-
tion from a regime where external load dominates to a
regime where interactions between different charges dom-
inate. As such, post buckling configurations are expected
to be described by the charges orientations that minimize
their linear interaction energy.

More specifically, if we consider two image chargesK
(1)
Im

and K
(2)
Im , their interaction energy in the linear limit can

be calculated as

U =

∫
ψ(1)K

(2)
Im dS =

∫
ψ(2)K

(1)
Im dS, (8)

where ψ(1) and ψ(2) are the stress functions induced by
the two charges. Substitution of Eq. (3) and Eq. (6) into
Eq. (8) yields

U = UQQ + UHH + UQH , (9)

where

UQQ =
Q(1)Q(2)

πd2
cos
(

2θ(1)q + 2θ(2)q

)
,

UHH = 0,

UQH = −12Q(1)H(2)

πd4
cos
(

2θ(1)q + 2θ
(2)
h

)
,

(10)

and d denotes the distance between the two charges.

Focusing on the two charges K
(1)
Im and K

(2)
Im , Eq. (10)

clearly indicate that: (i) two neighboring quadrupoles
of fixed magnitude and varying orientations, minimize

their interaction energy UQQ if θ
(1)
q + θ

(2)
q = π/2 (see

Fig. 1(e)); (ii) two neighboring hexadecapoles do not in-
teract with each other; (iii) a quadrupole minimizes the
interaction energy with the neighboring hexadecapole if

θ
(1)
q +θ

(2)
h = 0. Similar arguments can be easily extended

to predict the relative orientations of deformed holes em-
bedded on 2D arrays. For example, assuming a square
array of holes and taking into account interactions of each
hole with its 8 nearest neighbors, we find that UQQ and
UQH are minimized when the quadrupoles and hexade-
capoles form a checkerboard pattern with θq = [0, π/2]
and θh = θq + π/2, as shown in Fig. 1(f). Differently,
when we consider holes on a triangular lattice and take
into account interactions with the 6 nearest neighbors, we
obtain a zig-zag pattern with neighboring lines of charges

FIG. 2. (a) Sample in the initial undeformed configuration.
The red box indicate the four central holes we focused on
in our analysis. Scale bar: 20 mm. (b)-(d) Experimental im-
ages of the four central holes at different levels of macroscopic
strain: (b) -0.04, (c) -0.10 and (d) -0.15. The red dashed line
indicate the best-fitting hole shapes generated by the elastic
charges.

alternatively oriented at θq = −θh ≈ ±π/4, as illustrated
in Fig. 1(g).

Next, to verify the capability of elastic charges to
capture the orientations and deformations occurring in
porous mechanical metamaterials, we fabricate and ex-
perimentally test three different samples. All our spec-
imens are fabricated by lasercutting a periodic array of
holes out of a polyurethane foam sheet (PORON 4701-
40 Soft from Rogers Corporation with Poisson’s ratio
ν=0.31) and compressed uniaxially under quasi-static
conditions using a uniaxial loading frame with a 0.044
kN load cell in a displacement-controlled manner. The
evolution of the holes is monitored using a digital cam-
era (Nikon D90 SLR) focused on the central holes both
to reduce boundary effects and to achieve higher resolu-
tion. The captured videos are then analyzed by digital
image processing (MATLAB) to extract the boundaries
of the holes, from which their displacement field is re-
constructed (see Supplemental Material (SM) for details
[25]). Finally, for each hole and at each level of consid-
ered applied deformation, we determine the combination
of p, q, h, θq and θh in Eq. (7) that results in the dis-
placement field that best approximate the experimental
one.

We start by considering a mechanical metamaterial
comprising a 8×8 array of circular holes with initial ra-
dius r0 = 4.18 mm and center-to-center spacing d = 10
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mm, resulting in an initial porosity Ψ = πr20/d
2 = 0.55.

In Figs. 2(b)-(d) we present experimental images of the
sample (focusing on the four central holes included in the
red box in Fig. 2(a)) at different levels of applied macro-
scopic strain. As previously observed [11–13], when such
sample is uniaxially compressed an elastic instability re-
sults in a sudden transformation of the circular pores to
a periodic pattern of alternating, mutually orthogonal,
elongated holes (see Figs. 2(b)-(d) and Movie S1 [25]).
In the snapshots shown in Fig. 2 we also indicate with
red dashed lines the best-fitting hole boundaries gener-
ated by the elastic charges using Eq. (7). Notably, we
find that the elastic charges are capable of matching ex-
tremely well the evolution in shape experienced by the
pores and capture also the small details of the deformed
pores, even in the presence of neighboring holes. While
close to the buckling point the holes have an elliptical
shape, further away from the instability they take a two-
lobed shape, which can be still nicely described by Eq.
(7).

Next, we turn our attention to the evolution of the
charge magnitudes and orientations as a function of the
applied strain. In Fig. 3 we present the evolution of the
normalized charge magnitude for the four central holes.
In the same plots we also show the evolution of the angles
θq and θh (Fig. 3 (b) and (c) - right axes). Note that,
since the dimensions of charges are [p] = [q] = L2 and
[h] = L4 (L standing for length), we define their normal-
ized values as

√
p/r0,

√
q/r0, and h1/4/r0. Our results

indicate that for the considered highly porous structure
all charges are equally important (i.e.

√
p ∼ √q ∼ h1/4).

We also find that all charge magnitudes and orientations
undergo a transition at εc = −0.0388, as highlighted by
the vertical black dashed line in the plots. Note that at
εc a plateau also emerges in the stress-strain curve (Fig.
3(a) - red line), indicating that this is the critical strain
at which buckling occurs. At the onset of buckling not
only p, q and h increase, but also θp and θq suddenly
approach either 0 or π/2, leading to an alternate pat-
tern with quadrupoles and hexadecapoles perpendicular
to each other at each hole. This is fully consistent with
the theoretical prediction for the relative orientations of
neighboring charges illustrated in Fig.1(f). Finally, we
note that the magnitudes of the charges plotted in Fig. 3
are slightly larger for the holes aligned horizontally than
for the vertical ones, implying that the interaction be-
tween the charges and the external load also plays a role.

Having demonstrated that elastic charges correctly de-
scribe the mechanics of a metamaterial comprising a
square array of circular holes, we now test their abil-
ity to capture the deformation of systems with different
hole arrangement and shape. To this end, we test two
additional porous mechanical metamaterials. The first
one still comprises a periodic array of circular holes, but
arranged on a triangular lattice. As shown in Figs. 4(a)-
(d) the elastic charges are able to capture with high fi-

FIG. 3. (a) Evolution of the normalized isotropic charges as
a function of the applied strain for the four central holes (tri-
angular markers - left axis); stress-strain curve (red line - right
axis). (b) Evolution of the normalized magnitude (triangular
markers - left axis) and orientation (circular markers - right
axis) of the quadrupole charges as a function of the applied
strain for the four central holes. (c) Evolution of the normal-
ized magnitude (triangular markers - left axis) and orientation
(circular markers - right axis) of the hexadecapole charges as
a function of the applied strain for the four central holes.

delity the zig-zag pattern induced by the instability as
well as the non-trivial S-shape of the pores at high defor-
mation. Note that this last feature cannot be captured
without taking into account hexadecapole contributions
(see Fig. S3 [25]). As for the orientation of the charges,
we find that for the holes of one row θq ∼ −θh ∼ π/4,
while for those of the other one θq ∼ −θh ∼ −π/4 (see
Fig. S4 [25]), exactly as predicted by our analysis (see
Fig. 1(g)). Moreover, as already observed for the case of
square arrays of holes, also for this system the interaction
with the external load plays an important role. While in
the former it only slightly affects the magnitude of the
charges, here compression applied in perpendicular direc-
tion results in a completely different charge distribution
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(see Fig. S5 [25]).

Finally, in Fig. 4(e)-(h) we consider a structure com-
prising a 8×8 rectangular array of ellipses with aspect
ratio a/b = 1.898. In this system the applied uniaxial
compression trigger an instability which induces the for-
mation of a pattern of alternating elongated and almost
circular holes [12] (see Figs. 4(g)-(h)). Again, we find
that this deformed pattern can be nicely captured by
elastic charges, as indicated in Figs. 4(f)-(h) by the red
dashed lines, which represent the best-fitting hole bound-
aries generated using Eq. (7). Furthermore, as for the
case of the metamaterial with a square array of circu-
lar holes, we find that after buckling is triggered (i.e. at
εc = −0.0519) θh = θq±π/2 (see Fig. S6 [25]). However,
differently from the two metamaterials considered above
for which all holes take similar shapes, for the structure
with elliptical holes two families of holes emerge at ε > εc
and this is reflected in the values of the elastic charges
(Fig. S6 [25]).

In summary, in this work we have implemented the
framework of elastic charges to study the response
of highly deformable porous mechanical metamaterials.
Our results indicate that this formalism is capable of
capturing with high level of accuracy the evolution of
the boundary deformation and relative orientation ob-
served in elastic solids perforated with square and tri-
angular arrays of circular holes as well as rectangular
arrays of elliptical holes. An advantage of the proposed
approach is the intuitive picture that it provides: think-
ing of deformed holes in a porous material as interacting
elastic charges may be used to predict and design pat-
terns of holes capable of targeted deformations without
a direct calculation. The main focus of this investigation
has been to determine the capability of elastic charges
to capture the physics of porous perforated solids. While
the relative orientations between adjacent deformed holes
have been obtained analytically, charges magnitudes have
been found using a fitting procedure. The success of this
study advocates a (future) deeper theoretical investiga-
tion of perforated solids based on minimization of the
nonlinear energy of the system calculated in terms of the
interacting elastic charges located at each hole. Finally, it
is important to emphasize that the generalization of the
elastic charge formalism to three-dimensional settings is
not yet established. The present work shows that such a
generalization may be highly valuable and open avenues
for the design of 3D mechanical metamaterials with tar-
geted response.
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FIG. 4. (a) and (e) samples in the initial undeformed configu-
ration. The red boxes indicate the holes we focused on in our
analysis. Scale bar for the triangular lattice sample: 30 mm.
Scale bar for the rectangular lattice sample: 20 mm. (b)-(d)
and (f)-(h) experimental images of the four holes at different
levels of macroscopic strains (see the insets). The red dashed
lines indicate the best-fitting hole shapes generated by the
elastic charges
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